This study presents an original mathematical model and a prototype computer decision support system for the management of natural disasters risk. The system not only estimates the degree of risk for each area under study but it evaluates itself by calculating the entropy of its output as well. The degree of risk can be very useful for the design of effective protection and prevention policy. On the other hand, the system can be considered as an intelligent one as it has the ability to offer the potential user a particular type of quality judgment for its risk output. The whole model is based on fuzzy algebra concepts and principles and the software has been developed in MS-Access. The original contribution of this paper is not only the computer system model, but also its application to the torrential risk of Greek Thrace using actual data.
Introduction
Fuzzy logic was introduced by Zadeh in 1965 to relax the harsh constraint that everything that can be said about anything is either absolutely true or absolutely false [2] . In real life situations this is rarely the case. Zadeh suggested that it is possible to understand a statement as being 0.70 true. The use of fuzzy numbers and fuzzy sets offered the scientists powerful tools for performing classification and ranking tasks.
This study deals with the problem of natural disaster risk management by using fuzzy algebra working in two complementary parallel directions.
The first direction involves the determination of the main n risk factors affecting a specific risk problem. Consequently, a number of n fuzzy sets are formed, each fuzzy set corresponding to a risk factor. fuzzy membership functions (trapezoidal, triangular and sigmoid) are used to estimate the degree of membership of the m watersheds under examination, to each one of the n corresponding fuzzy sets. In this way each watershed is assigned n real numbers (ranging from 0 to 1) that show its degree of risk for each of the n risk factors. Consequently the following two-dimensional risk matrix 1 (n × m) is formed containing the produced risk indices. (1)
The scope is the estimation of a unique Risk Index for each area under examination. This is performed by applying five different types of fuzzy relations (T -norms) that operate conjunction between the partial risk indices under different perspectives. This approach and its application for the torrential risk estimation of the main watersheds of North-Eastern Greece have already been presented thoroughly in another paper of our research team [1] .
The second main direction of this research is the development of a comparative study for the torrential risk evaluation between the main watersheds of North-Eastern Greece (Rodopi, Xanthi, Northern Evros, Central Evros and Southern Evros areas) by using alpha cuts and scalar cardinality functions. However the most important attribute of this direction is the fuzzy entropy estimation of the decision support system that has been developed and applied by our research team. The methodology for the Fuzzy entropy estimation and its application for the torrential risk of North-Eastern Greece is described here.
Structure of the paper
This manuscript mainly presents the two main fuzzy algebra frameworks of the developed system. The first framework applies fuzzy set theory and various fuzzy algebra conjunction operations in order to perform the risk estimation. Actually the application of the first framework on the problem of torrential risk has been presented thoroughly in another publication [1] and its model is described very briefly here in order to give a general hint of the methodology.
On the other hand, the second framework that requires the application of the first, executes two independent main sub-tasks. First it applies scalar cardinality functions in order to perform a comparative torrential risk study between the areas under examination. The second sub-task (which is the most crucial) is the calculation of the system's entropy using fuzzy entropy functions. This methodology is thoroughly described and discussed.
The structure, the design principles and the interface of the developed decision support system are also described. The final part of the manuscript deals with the presentation and discussion on the results from the system's application to the torrential risk of Greek Thrace.
Materials and methods

The multi factor risk estimation model
Two different algebraic approaches can be applied for the risk estimation. The one is already established and it uses crisp sets [9] and the other is proposed in this paper and it uses fuzzy sets. The following function 2 defines a crisp set.
In crisp sets a function of this type is also called characteristic function. Fuzzy sets can be used to produce the rational and sensible clustering [2] . For fuzzy sets there exists a degree of membership (DOM) µ s (X ) that is mapped on [0,1] and every area belongs to the "torrential risky area" fuzzy set with a different degree of membership [2] . Functions 3 and 4 represent the triangular and the trapezoidal membership functions that determine the risk indices for each examined area [3] . Table 1 T -Norms used in the project
Function 5 presents an alternative parametric form of the sigmoid membership function that can also be used to determine the torrential risk where parameters a and c determine its shape and position [10] .
This function can be used in the future, in an extension effort of the system. Various T -norms were used to unify the partial risk indices and to produce the characteristic unified risk index. Table 1 presents the T -norms that were applied for this purpose.
Their nature proves that each one of them produces a unified risk index under a different perspective. This can be very useful because each unified risk index expresses a valid risk degree under different circumstances. The methodology and its application for the "torrential risk of North-Eastern Greece" are presented in Fig. 1 .
The comparative study methodology
After estimation of the partial and the unified degrees of risk for the m areas, calculation and application of the Scalar cardinality for each one of the areas, performs the comparative study. For any fuzzy set A defined on a finite universal set X , we define its Scalar Cardinality, Count(A) by the formula [2] :
where m is the number of the areas under examination, and µ A (χ ι ) is the degree of membership of area x to the Fuzzy set A. Some authors refer to the Count(A) as the Sigma Count of A.
The scalar cardinality is applied first to the partial degrees of risk to determine the degree of risk for each area and for each one of the risk factors. In this way the DSS determines the most risky area for each factor affecting the problem.
The scalar cardinality is applied to the final unified degrees of risk of each area for all of the T -norms to determine the total overall degree of risk for each area based on the T -norm used. The above task offers an overall comparative risk study of the areas. Finally, alpha-cuts are used to estimate how severe the risk is in each area.
An Alpha-cut of the membership function A (denoted aA) is the set of all x such that A(x) is greater than or equal to alpha (a). Similarly, a strong alpha-cut (denoted a + A) is the set of all x such that A(x) is strictly greater than alpha (a). Mathematically:
"That is, the alpha-cut (or the strong alpha-cut) of a fuzzy set A is the crisp set a A (or the crisp set a + A) that contains all the elements of the universal set X whose membership grades in A are greater than or equal to (or only greater than) the specified value of alpha". a A and a + A are crisp sets because a particular value x either is or isn't in the set; there is no partial membership.
"The set of all levels alpha in [0, 1] that represent distinct alpha-cuts of a given fuzzy set A is called a level set of A". Formally:
A comparison between the results offers very interesting rankings and classifications of the areas under examination.
Fuzzy entropy estimation method
The fuzzy entropy of the system is measured by the following function 11 [2] . For any fuzzy set A defined on a finite universal set X , we define its fuzzy entropy:
where A C is the complement of the fuzzy set A. Let A C denote a fuzzy complement of A of type c. A C (x) is the degree that x belongs to A C , and the degree to which x does not belong to A (µ A = A(x) is therefore the degree to which x does not belong to A C ).
From the left side of the equation above, we have:
3. Development of a decision support system A decision support system (DSS) was developed using MS Access. All data were stored in properly designed tables that follow the principles of the Normal forms. The mathematical model (its logic and its functions) were stored in Structured Query Language (SQL) statements. The system uses a very friendly graphical user interface and its results are obtained in a straightforward manner. The fact that the reasoning of the system is quite simple but the knowledge base consists of a vast amount of actual data made it a proper application for a relational database. 
Availability of the system
The software has been available (to be used) from the Laboratory of Forest Informatics (Department of Forestry and Management of the Environment and Natural Resources) of the Democritus University of Thrace since January 2005. Requests can be forwarded to Dr L. S. Iliadis in the email mentioned on the first page of this paper. A user guide has also been available on the following web page of the department http://www/fmenr/duth.gr after October 2005.
Torrential risk results
The research area where the DSS was applied for the estimation of the torrential risk is located in the Northeastern part of Greece near the border of Greece, Bulgaria and Turkey. This area was chosen due to its torrential phenomena that have serious consequences in the life of the local people. The research area was divided into five main sub-areas.
1. The sub-area of Northern Evros includes the torrential streams of the northern part of the Evros prefecture and the torrential streams of river Adras. 2. The sub-area of Central Evros includes the torrential streams of Erithropotamos river and it extends to the south up to the Likertzotiko stream in the area of Lyras-Laginon. 3. The sub-area of Southern Evros includes the rest of the Evros prefecture. 4. The prefecture of Rodopi that has common borders with the prefecture of Evros 5. The prefecture of Xanthi that has common borders with the prefecture of Rodopi.
Data were gathered from Greek public services which are responsible for meteorological and map data. Also, our research team gathered important data. Initially the limits of the research areas were estimated. Maps of the Geographical Army Service (GAS) with a scale of 1:250.000 were used for this purpose. The upper and lower limits of the watershed areas are 300 and 2 km 2 [8] . For every research area and for each torrential stream the morphometric characteristics were specified. Tables 2 and 3 present the results that have been produced by the system.
The morphometric characteristics were produced after the process of maps (scale 1:100.000) of the GAS and the accuracy of the data was confirmed by visits of our research teams in the research areas. The results were stored in descending order in matrices. For each research area a matrix was used. According to the book of "Mountainous Hydronomy" [4] [5] [6] [7] [8] the area, the perimeter, the shape of the watershed, the degree of the round shape of the watershed, the maximum altitude, the minimum altitude, the average altitude, the average slope of the watershed and its maximum altitude.
The results have shown that the DSS can be applied successfully and reliably whereas the fuzzy entropy has proven to have reasonably low values. The DSS will be tested further in the near future.
Entropy estimation results
The non-probabilistic entropy of a fuzzy set A shows the degree of fuzziness of A. This means that by estimating the entropy we estimated the degree of fuzziness of the results which is a good measure of their reliability. Table 4 presents the results of the fuzzy entropy estimation for the areas under evaluation for the trapezoidal MF and for the T -norms applied. Obviously the results prove that the DSS has a very low entropy. This means that the results are quite reliable from this point of view. It is remarkable that the areas of Xanthi and Northern Evros (which have the highest risk) appear to have the highest percentage of Entropy which is too low to be considered in most of the cases. Xanthi has the highest level of entropy twice in the cases of the Hamacher and the Einstein Products. Northern Evros is first in entropy when the T -norms of drastic product and min were applied. This means that Northern Evros has very low (extreme) values for some variables affecting the torrential risk. Table 5 presents the results of the fuzzy entropy estimation for the areas under evaluation for the triangularl MF and for the T -norms applied.
The results of the triangular MF have also a very low fuzzy entropy. Twice the area of Xanthi has the highest entropy (for the Hamacher and Einstein products) and once the area of Northern Evros (in the case of the drastic product) and the area of Rodopi for the minimum approach. From the above rankings only the case of Rodopi cannot be considered reliable because it has a high level of entropy.
The results of the triangular MF can be interpreted again exactly in the same way as the ones of the trapezoidal. Again considering all of the torrential risk factors the area of Xanthi can be considered as the most risky, and Northern Evros has the most extreme values for some of its risk parameters. Table 6 presents the results of the alpha-cuts that have proven to be very interesting. According to the results of the alpha-cut analysis that has been performed by the system, the area of Xanthi is the most risky. Xanthi is the only area that includes a watershed of highest risk (above 0.7) the one with code number 8 and at the same time it has an Northern Evros is characterized as the second most risky area of Thrace, because it has two watersheds under the codes 2 and 1 with assigned degree of risk in the cluster [0. 5-0.7] . Also northern Evros includes the cases number 4, 5, 2 and 16 that have a degree of risk from 0.3 to 0.5.
Alpha-cuts results
The final overall results of the system show that the watersheds with code-numbers 8 and 9 of the Xanthi prefecture are the most risky in Greek Thrace, followed by the watersheds with code-numbers 1, 16 and 2 in northern Evros and the watershed with code-number 8 in Rodopi. Also the watersheds 2, 4, 5, 16 in northern Evros and 5,6,10 in Rodopi have a considerable degree of risk. The watersheds 7 and 10 in southern Evros and 22 in Xanthi have a degree of risk close to 0.3 (when the maximum equals 1).
This study offers very useful and specific results that can be used reliably towards torrential risk protection policy planning. When data will be gathered for other areas the same computer system can be applied.
Conclusions for torrential risk implementation
It is obvious that with the use of the triangular membership function (MF) the area of Xanthi is the most torrential risky. The trapezoidal MF evaluates the area of Northern Evros as been the second most risky, whereas the triangular MF gives this characteristic to the Rodopi area.
The evaluations of the DSS can be strongly justified. According to the actual torrential phenomena Xanthi area is the most torrential risky. This is due to its mountainous character, to its geological structure, to the low protection of the ground caused by vegetation, to the human effect, and finally to its rain height and to its heavy snowfalls. Out of all of the cases, Xanthi is ranked first with significant distance from the second.
The system also characterizes the area of Northern Evros as the second most risky, out of all the cases when the trapezoidal MF is used, and in one case when the triangular MF is used. It is really very important that the alpha-cut analysis totally agrees with these results. This characteristic is due to the fact that many of the mountainous watersheds of Northern Evros have a low percentage of forest cover, and extremely low percentage of compact geological forms.
The areas of Southern and Central Evros have the least torrential degree of risk according to both alpha-cuts and scalar cardinality analysis and this is justified by the actual situations.
When the trapezoidal MF is applied in conjunction with the T-norms of the drastic product and the minimum approach, the estimated torrential risk for Northern Evros has a quite remarkable entropy, almost equal to 13%. Also when the triangular MF is applied in conjunction with the T-norm of the minimum approach, the estimated torrential risk for Northern Evros has a quite high entropy, almost equal to 10% and for the Rodopi area 13%. In all of the other cases the entropy is not considerable. The very low levels of entropy for the area of Xanthi prove that its high torrential risk evaluation is quite reliable. The most important output of the system is the estimation of the individual most risky watersheds in all of the Trace area.
Concluding remarks
The model as it is applied by the decision support system for the torrential risk of the Thrace area operates satisfactorily several crucial tasks. The results are very useful and they appear to have very low entropy values. Our target and ambition is to apply the system in other areas and for various risk factors and to find out the level of its validity under different conditions. A future extension of the system will include a machine learning algorithm that will adjust the system's reasoning for cases with high levels of entropy. The fact that both the model and the computer system can be applied in any type of natural disaster problem by adjusting the considered risk factors and also the fact that the system is able to judge itself and to estimate its fuzzy entropy makes it very flexible, useful and original.
